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Abstract 
This article proposes a new inner attitude integration algorithm to improve attitude accuracy of the strapdown inertial atti-
tude and heading reference system (SIAHRS), which, by means of a Kalman filter, integrates the calculated attitude from the 
accelerometers in inertial measuring unit (IMU), called damping attitudes, with those from the conventional IMU. As vehi-
cle’s acceleration could produce damping attitude errors, the horizontal outputs from accelerometers are firstly used to judge 
the vehicle’s motion so as to determine whether the damping attitudes could be reasonably applied. This article also analyzes 
the limitation of this approach. Furthermore, it suggests a residual chi-square test to judge the validity of damping attitude 
measurement in real time, and accordingly puts forward proper information fusion strategy. Finally, the effectiveness of the 
proposed algorithm is proved through the experiments on a real system in dynamic and static states. 
Keywords: navigation; strapdown inertial attitude and heading reference system; inner attitude integration algorithm; internal 
damping; Kalman filter; residual chisquare test 
1. Introduction1
As a kind of autonomous and cost-efficient inertial 
navigation system, strapdown inertial attitude and 
heading reference system (SIAHRS) has found ap-
plication mainly in outputting vehicle attitudes[1]. 
There are lots of researchers, who have been working 
on the ways to improve the accuracy of SIAHRS. So 
far, quite a few methods have been proposed, such as 
improving the manufacturing accuracy of inertial 
measuring unit (IMU), effective signal processing for 
IMU, integrated navigation technology employing 
information from external sensors and so on[2-6].  
This article focuses on some emergency military 
situationsühow to obtain more accurate information 
about vehicle attitudes from the IMU itself in case all 
external supporting sensors could no longer acquire 
any data for the system.  
In traditional inertial navigation system (INS) of 
platform type, an internal damping network is em-
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ployed to improve attitude accuracy, which acquires 
vehicle’s velocity information from INS and then 
returns it to INS by damping network so as to sup-
press system’s drift[7]. Since system’s velocity is ob-
tained by integration the information from acceler-
ometer, it is believed that damping the system’s atti-
tude control circuit directly by acceleration is vi-
able[3,8].  
Enlightened by the ideas of designing damping 
network of platform type, this article puts forward for 
SIAHRS a method to calculate vehicle’s attitudes 
only with the information from accelerometers of 
IMU. Then, the calculated attitudes from the outputs 
of accelerometers, called damping attitudes either, are 
integrated with those from the IMU itself through 
Kalman filter so as to improve the attitude accuracy. 
This is termed an inner attitude integration algorithm 
because the information is totally from the system’s 
own IMU. However, damping attitudes are accurate 
only when the vehicle moves without acceleration, 
otherwise they are likely to involve large errors 
which would result in divergence of Kalman filter. 
For this reason, an intensive study has been done on 
the way of judging the vehicle’s motion. There have 
been proposed two methods: the use of horizontal 
outputs of accelerometers and the application of re-
sidual chi-square test to the Kalman filter with a 
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properly designed information fusion strategy. The 
latter is adopted in this article as it is scarcely af-
fected by the accuracy of IMU. Finally, a real system 
has been built up and lots of static and dynamic ex-
periments run on it have proved the viability of the 
proposed algorithm in improving the accuracy of 
SIAHRS. 
2. Inner Attitude Integration Algorithm 
2.1. Calculated attitudes from outputs of accelero
meters 
This section is meant to ascertain the detailed rela-
tionship between the attitudes and the outputs of ac-
celerometers in SIAHRS. The algorithm earns the 
name of damping attitude algorithm and the calcu-
lated result the name of damping attitude. 
Let the navigation frame be the north-east-down 
local level reference frame, and the specific force 
equation be  2n en ie en en n   u f v Ȧ Ȧ v g , which 
can be expanded into 
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where Nv , Ev  and Dv  denote the northward, 
eastward and downward accelerations respectively, 
and Nv , Ev  and Dv  their matched velocities, L 
denotes local latitude, R radius of the earth, ieZ  
spin velocity of the earth and g acceleration of grav-
ity. 
The actual output of the accelerometer is fb and 
b
b n n f C f , which can be expanded into 
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where bnC  refers to transition matrix from naviga-
tion frame to body frame, Ȗ, ș and ȥ represent vehi-
cle’s roll, pitch and heading angles, respectively. 
From Eqs.(1)-(2), it is known that when vehicle 
moves without acceleration, the attitude mainly de-
pends on the specific force and the acceleration of 
gravity. By calculating these two equations with ig-
noring the effects of velocity, latitude, etc., the ex-
pression of damping attitude can be obtained as fol-
lows: 
2 2 2arcsin( / )
arctan( / )
D bx bx by bz
D by bz
f f f f
f f
T
J
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     (3) 
where DT  and DJ  refers to the damping attitudes. 
Eq. (3)is tenable because a great number of simu-
lation and experimental results have revealed that the 
errors caused by the above-cited ignorance are suffi-
ciently small. On the contrary, negligence of the ac-
celeration would exert great effects upon the attitude. 
For example, when the acceleration of the vehicle 
equals only 0.1 m/s2, the damping attitude error will 
reach 0. 6° if not taking the acceleration into account. 
Therefore, the vehicle’s attitude can be calculated 
by the information from accelerometers only when 
the vehicle moves at a constant speed. Otherwise, the 
attitude calculated with Eq.(3) would contain so large 
an error that makes it meaningless. 
2. 2.  Damping Kalman filter 
Kalman filter serves to integrate the attitude in-
formation calculated by accelerometers with that by 
the IMU. A low order Kalman filter of eight is estab-
lished for the system whose real-time performance 
meets the accuracy requirements. 
Supposing that gyro’s drift is Markov process plus 
white noise, then accelerometer’s random errors are 
white noise. State variables are chosen to be platform 
misalignments ( NM , EM , DM ), velocity errors in the 
north and the east directions (ǂ NvG , EvG ) and ǂ
gyro’s Markov process errors ( rxH , ryH , rzH ). Thus 
the state vector can be expressed by  X  
T
N E D N E rx ry rzv vI I I G G H H Hª º¬ ¼ , and 
the state equation by 
( ) ( ) ( ) ( ) ( )t t t t t X A X G W        (4) 
where the details of the state matrix A(t)and the noise 
matrix G(t) can be found in Refs. [9]-[10]. 
The difference between the attitude calculated by 
the IMU and the damping attitude forms the observed 
quantity of the Kalman filter. The attitudes mentioned 
above can be described by 
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where șI and ȖI define IMU’s attitude outputs, įșI and 
įȖI the errors, įșD and įȖD the damping attitude er-
rors. 
An observation equation is built up as follows: 
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3.  Judgment of Vehicle’s Motion with Outputs of 
Accelerometers 
From the above discussion, it is known that once 
vehicle moves with acceleration or in disturbed 
manner, damping attitudes would be of no use. Con-
sequently, it is necessary to judge the state of vehi-
cle’s motion before the information is used. 
To achieve this purpose, a very simple and direct 
method is to check up the horizontal outputs of ac-
celerometers with the following expressions: 
1
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              (8) 
where fnx and fny represent system’s horizontal accel-
erations in a navigation frame, d1 and d2 are two 
threshold values. If fnx and fny satisfy Eq.(8), the ve-
hicle is considered to be moving at a constant speed. 
Acquisition of fnx andfny should be by way of 
transferring the original output of accelerometers 
through the transition matrix, which, however, might 
have errors caused by gyro’s drifts. As a result, the 
errors of transition matrix would give some uncer-
tainties to the judgment, which deserves to do an 
in-depth examination. 
Assuming that vehicle is moving without accelera-
tion, let nn
cC  be the transition matrix of the true 
navigation frame relative to the calculation frame, fn 
the system’s true acceleration in navigation frame 
and fnƍ the calculated value. Then, the following can 
be obtained:  
n
n n n
c
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Eq. (9)can be expanded into 
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Because the vehicle moves without acceleration, 
by substituting Eq. (1) into Eq. (10) and ignoring the 
effects of velocity, latitude, etc. , the calculated val-
ues of horizontal acceleration can be obtained as fol-
lows: 
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Given g=9.78 m/s2, Table 1, taking y axis for ex-
ample, shows the calculated values of horizontal ac-
celeration against platform misalignments. 
Table 1  Horizontal acceleration against platform mis-
alignment
NM /(°) n yf c /(m·sí2) 
0.006 0.001 
0.060 0.010 
0.600 0.100 
6.000 1.000 
From Table 1, it is clear that when d1=d2=0.1 m/s2, 
a platform misalignment more than 0.6° would cause 
a misjudgment by Eq. (8). In the same way, due to 
platform misalignment, an accelerated motion might 
be misjudged to be a constant-rate motion, which 
means a judgment failure. 
Therefore, the effectiveness of Eq. (8) is totally 
dependent upon the platform misalignments. In other 
words, the accuracy of IMU, gyro’s accuracy in par-
ticular, exerts enormous influences upon the feasibil-
ity of the method. 
4.  Inner Attitude Integration Algorithm Base
d on Fault Detection 
From the aforesaid, it is clear that a high degree of 
accuracy of IMU is the prerequisite for the proposed 
algorithm to make correct judgment of vehicle’s mo-
tion, which is undoubtedly its defect. 
This article attempts to overcome the fault by put-
ting forward a residual chi-square test integrated into 
the damping Kalman filter to judge vehicle’s motion 
in real time. The residual chi-square test has come in 
wide use in fault detection and isolation of dynamic 
systems. Its principle lies in checking up the validity 
of system’s observed value Z(t) [11-14]. As vehicle’s 
acceleration causes errors in damping attitudes and 
leads to abnormal observed values, it can be con-
firmed that faults must have happened if a vehicle 
moves with acceleration, which would invalidate the 
damping attitude and thus the attitude calculated by 
IMU becomes the system’s mere output. Otherwise, 
the vehicle could be considered to move at a constant 
speed and the damping Kalman filter works normally, 
which provides integrated results as outputs for users. 
4.1.  Residual chi-square test 
After discretization, the equations of Kalman filter 
No.1 Liu Jianye et al. / Chinese Journal of Aeronautics 23(2010) 68-74 · 71 · 
 
turn into[15-17] 
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where rk+1 represents the residual vector. 
By analyzing Eqs.(6) and(18), it follows that the 
errors of damping attitude caused by acceleration 
would produce effects upon Kalman filter through 
residual vectors. 
When the vehicle moves without acceleration, 
which alludes to absence of fault, rk+1 will be Gauss 
white noise with zero mean and its variance can be 
described by 
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T
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On the contrary, occurrence of faults would make 
rk+1 no more zero mean, suggesting the need for 
verifying whether the vehicle is moving with accel-
eration by checking the residual vectors, thereby de-
ciding whether the damping attitude is of any use. 
The vector rk+1 satisfies the following binary hy-
pothesis[13, 15-16]: 
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Then, the fault detection function is expressed by 
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Finally, the fault detection rule can be summed up: 
1k DTO  !  implies existence of acceleration and 
invalidates damping attitudes. 
1k DTO  d  implies absence of acceleration and 
validates damping attitudes. 
Here TD represents the chosen threshold deter-
mined by false alarm probability. 
4.2.  Information fusion strategy 
In SIAHRS, the information fusion strategy for 
inner attitude integration based on fault detection can 
be described as follows:ǂ 
(1) When the system works, the IMU outputs rota-
tion data every 20 ms and calculates the attitude with 
the quaternion algorithm and, meanwhile, the accel-
erometers calculate the damping attitude every 100 
ms. Then both the attitudes are input into the damp-
ing Kalman filter. ǂ 
(2) At the moment of information fusion, the re-
sidual chi-square test is carried out to detect faults of 
the system in order to determine whether the damp-
ing attitude from the accelerometers is of use. ǂ 
(3) When a fault is disclosed, the damping attitude 
becomes invalid and the system only outputs the at-
titude calculated by IMU with ˆ kX  and kP  reset to 
initial value. Or else, in the case of none of faults 
found, the attitude calculated by IMU, after having 
been updated by the estimate of Kalman filter, is out-
put to users. 
5.  Experimental Results 
Authors have already built up a real system, in 
which are installed proper optical inertial measuring 
units, and proved the validity of damping Kalman 
filter and residual chi-square test through lots of 
static and dynamic experiments. The gyro’s drift is 
5(°)/h and the bias of accelerometer is 5×10ˉ5g. 
Through lots of tests, the threshold TD is set to be 
4.61 with the chosen false alarm probability of 0.1. 
5.1.  Static experiment 
The IMU electrified for an hour is placed on a 
horizontal rotating table with the roll and pitch angles 
kept at 0° and the heading at 30.0° for 5 000 s. With 
the same data from the IMU, the attitude curves are 
plotted with and without damping Kalman filter. 
Figs.1-2 show the results. 
Notice: As the value of fault detection function Ȝ is 
proved near zero in static experiment, it is not shown 
here for clarity. 
5.2.  Positioning experiment 
Secure an IMU on a horizontal tri-axial rotating 
table. Then, set its y axis to rotate 5° or 10° about 
every 120 s and the experiment lasts for 1 300 s. 
With the same data from the IMU, the attitude curves 
are plotted with and without damping Kalman filter. 
Figs.3-4 show the results. 
Notice: As the value of fault detection function Ȝ is 
proved near zero in positioning experiment, it is not 
shown here for clarity. 
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Fig.1  Pitch curves with and without damping Kalman 
filter in static experiment. 
 
 
 
 
Fig.2  Roll curves with and without damping Kalman 
filter in static experiment. 
 
 
 
 
Fig.3  Pitch curves with and without damping Kalman 
filter in positioning experiment. 
 
The aforesaid static and positioning experiments 
have evidenced effectiveness of the proposed ap-
proach with degraded gyro’s drift and greatly en-
hanced accuracy when the vehicle moves without 
acceleration. 
 
 
Fig.4  Roll curves with and without damping Kalman 
filter in positioning experiment. 
 
5. 3.  Speed-up and speed-down experiment 
Put an IMU on a level desk and control it manually. 
The speed-up and speed-down experiment is con-
ducted in the following way: first keep it in static 
state during 0-30 s, then speed it up and down to and 
fro during 30-90 s when keeping it level, then again 
in static state during 90-95 s followed by speeding it 
up and down to and fro during 95-160 s keeping it 
level. The experiment ends up also keeping it in static 
state during 160-190 s. Figs. 5-8 show the results. 
 
 
 
Fig.5  Pitch curves with and without damping Kalman 
filter in speed-up and speed-down experiment. 
 
Fig.8 shows that the fault detection function is al-
ways below the threshold TD when the IMU is in 
static state at time intervals of 0-30 s, 90-95 s and 
160-190 s, which means the damping Kalman filter 
doing normal work and outputting updated attitudes. 
As shown in Figs.5-6, compared to the system with-
out damping Kalman filter, the gyro’s drift has been 
degraded effectively making the attitude accuracy as 
high as within 0. 2°. 
At the time intervals of 30-90 s and 95-160 s, the 
IMU is sped up and down alternatively (see Fig.7).  
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Fig.6  Roll curves with and without damping Kalman 
filter in speed-up and speed-down experiment. 
 
 
Fig.7  Actual accelerometer output of x and y axes. 
 
 
 
Fig.8  Fault detection function. 
 
Therefore, Fig.8 displays the fault detection function 
frequently above the threshold, which means the fre-
quent outputs of invalid damping attitude. This time, 
the system with damping Kalman filter would only 
output the attitudes calculated by the IMU. From Figs. 
5-6, evident drift errors can be observed in the sys-
tems with and without damping Kalman filter. 
It is demonstrated that the residual chi-square test 
could really do real-time check of the vehicle’s 
movement so as to help judge if the damping attitude 
should be used for integration. 
6.  Conclusions 
In the military emergency situations when all in-
formation from external sensors is unavailable for the 
system, obtaining accurate information about attitude 
with IMU is urgently needed. This article proposes 
an inner attitude integration method to damp system’s 
attitude control circuit by means of the information 
from accelerometers in SIAHRS. 
The experiments conducted on a real system have 
proved that the attitude algorithm based on fault de-
tection can make full use of the information from the 
IMU, which results in effective improvement of atti-
tude accuracy of SIAHRS. 
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